Abstract. In this note we present eleven unit distance embeddings of the Heawood graph, i.e. the point-line incidence graph of the finite projective plane of order two, by way of pictures and 15 digit approximations of the coordinates of the vertices. These together with the defining algebraic equations suffice to calculate arbitrarily exact approximations for the exact embeddings, and so to show that the Heawood graph indeed is a unit-distance graph. Thus we refute a "suspicion" of V. Chvatal from 1972.
Introduction
In an informal joint collection of "selected combinatorial research problems" V. Chvatal in 1972 asked for characterizations of unit-distance graphs 1 . These are graphs which can be embedded into the Euclidean plane in such a way that vertices correspond to points in the plane and adjacent vertices are exactly at distance one from each other, i.e., points corresponding to adjacent vertices can be connected to each other by straight unit length line segments 2 .
To make some headway Chvatal especially asked if the point-line incidence graphs of finite projective planes are unit distance embeddable -and voiced the suspicion that they were not. Even for the smallest of these, associated to the projective plane of order two -the so-called Heawood Graph -which is a graph with 2·(2 2 +2+1) = 14 vertices and (2+1)·(2 2 +2+1) = 21 edges, this question has remained unanswered until today.
Partially inspired by this author's analysis of the Harborth graph [2] , which used dynamic geometry software and computer algebra to give final proof of the unit distance embeddability of the Harborth graph, in [3] M. Harris described a general strategy to approach this problem in case of the Heawood graph, leaving out all necessary calculations. Even though he thus sketched the basic idea of how to find a unit distance embedding for the Heawood graph, he did not provide any example.
In this note we present eleven unit distance embeddings of the Heawood graph by way of pictures and 15 digit approximations of the corresponding coordinates of the vertices, leaving out most of the details about how they were found and a more detailed proof that these correspond to exact embeddings. Those details are postponed to an upcoming longer paper. Nevertheless, with the help of a computer the data given in this note are sufficient to calculate arbitrary exact approximations of any of the presented embeddings from the defining algebraic equations, and thus to give convincing evidence that the Heawood graph indeed is unit distance embeddable, contrary to Chvatal's conjecture.
One 
Determining an unit distance embedding for the Heawood graph, using Dynamical Geometry and numerics
Let us first of all give some representation of the Heawood graph to fix notation: The Heawood graph is the point-line incidence graph of the smallest finite projective plane, the so-called Fano plane, i.e. the projective plane of order two, with seven points and seven lines. So if we let P i , 1 ≤ i ≤ 7, denote the points and l i , 1 ≤ i ≤ 7, denote the lines of the plane, the 14 vertices of the Heawood graph will be given by the set {P 1 , . . . , P 7 , l 1 , . . . , l 7 }. We specify the incidence between points and lines (and thus the adjacency relation of the graph) by the following two pictures, which give the classical presentation of the Fano plane and its point-line incidence: In order to determine a unit distance embedding of the Heawood graph, we need to find points (x Pi , y Pi ), and (x lj , y lj ), 1 ≤ i, j ≤ 7, in R 2 corresponding to the vertices of the graph such that d(P i , l j ) = 1 holds if and only if P i is incident with l j . These constraints lead to 21 quadratic equations of the form
one for each flag (P i ∼ l j ) of the Fano plane. On the other hand we have 2 · 14 = 28 (coordinate) variables, and thus a highly under-determined system of equations. Therefore we are allowed to fix an initial configuration of several vertices, and to proceed from there. As suggested by Harris [3] , we start by choosing a circle of maximal girth in the Heawood graph (which contains six elements). This we place in the shape of a rectangle, setting (2.2)
This leaves 28 − 12 = 16 unknown variables, and 21 − 6 = 15 equations. Thus we again may introduce one further restriction, which for the sake of computational simplicity, we choose to be that the points representing l 4 , P 4 , and l 5 should all lie on one straight line. This leads to d(l 4 , l 5 ) = 2, which is the maximal possible distance between these two points. Thus the point corresponding to l 4 is supposed to lie on a circle of radius 2 around the origin of the drawing plane (which corresponds to P 5 ), and P 4 becomes the midpoint of the segment connecting l 4 and l 5 .
With equations (2.1), and our special choices of coordinates in the initial configuration, see (2.2) , plus the extra condition on l 4 ∼ P 4 ∼ l 5 , we have at hand a finite set of algebraic equations which completely determines a finite set of unit distance embeddings of the Heawood Graph.
Let us explicitly list the set of equations complementing (2.2), using an order in which each point might be geometrically constructed from the previous ones by compass and ruler, after the position of e.g. l 4 has been fixed (the coordinates of any point P are denoted by (x P , y P )):
Now, as will be shown in considerable detail in an upcoming (longer) paper, the set of equations (2.2) -(2.18) completely determines a zero dimensional algebraic set of points in complex space C 28 , i.e., there are only finitely many solutions to these equations. In fact, the number of solutions is 79, only eleven of these are real and lead to eleven different unit distance embeddings of the Heawood graph (which all have the initial configuration and the fact that l 4 , P 4 , and l 5 lie on one line in common). The reason for there being only 79 solutions is that equations (2.2) -(2.18) lead to characteristic polynomials for each coordinate 3 of degree 79, which each have eleven real zeroes. These can be grouped, again, to give the eleven different real solutions. (0.995815833199486, 0.091382855882344).
As a final remark we would like to state the observation that all of these embeddings are regular, i.e., embedded vertices only coincide with the embeddings of those edges, which they are incident with.
